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We analyze the stability of quantum omputations on physially realiz-
able quantum omputers by simulating quantum spin models representing
quantum omputer hardware. Examples of logially idential implemen-
tations of the ontrolled-NOT operation are used to demonstrate that the
results of a quantum omputation are unstable with respet to the physial
realization of the quantum omputer. We disuss the origin of these in-
stabilities and disuss possibilities to overome this, for pratial purposes,
fundamental limitation of quantum omputers.
PACS numbers: 03.67.Lx, 05.30.d, 89.80.+h, 02.70.Lq
1. Introdution
Reent theoretial work has shown that Quantum Computer (QC) has
the potential of solving ertain omputationally hard problems suh as fa-
toring integers [1℄ and searhing databases muh faster than a onventional
omputer [2℄. In most theoretial works the operation of a QC is desribed

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in terms of highly idealized (but physially unrealizable) transformations on
the qubits [36℄. The impat of the physial implementation of a QC on its
omputational eieny is largely unexplored.
In this talk we disuss the relation between the physial realization of QC
and its logial operation [7,8℄. On a onventional omputer or ideal QC, the













. However, a physially realizable









Hene this QC may (but not neessarily does) give wrong answers. We all
this problem the Quantum Programming Problem (QPP). The QPP is due
to the spei physial realization of the QC and leads to systemati instead
of random errors.
2. Physial model of Quantum Computer
We investigate the QPP by simulating QC hardware. Our hoie of a
physial model is largely inspired by NMR-QC experiments [916℄, mainly
beause other andidate tehnologies for building QCs are not yet devel-
oped to the point that they an exeute omputationally non-trivial quan-
tum algorithms (QAs). Generi QC hardware an be modeled in terms of





j(t)i = H(t)j(t)i ; (1)
in units suh that h = 1. For present purposes it is suient to onsider
NMR-like two-qubit QCs only. In the absene of interations with other de-





























































































representing the j-th qubit, J determines the strength of the interation








represent the strength of the applied
stati (magneti) and applied Sinusoidal Field (SF) ating on the j-th spin
















, for  = x; y; z,
where  is a onstant. The frequeny and the phase of the SF are denoted
by ! and 

. As the Ising model, i.e. the rst term of (2), is known to be a
universal QC [19,20℄, model (2) is suiently general to serve as a physial
model for a generi QC at zero temperature. In terms of spin matries, the
operator Q
j
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For numerial purposes it is neessary to x as many model parameters




C atoms in a arbon-13 labeled hloroform, a moleule that has been used







=2  125MHz, and J=2   215Hz [11℄. In the following we will use
model parameters resaled with respet to h
z
1
=2, i.e. we put





= 1 ; h
z
2
= 0:25 : (3)
With this hoie of units, time divided by 2 is measured in units of 2 ns.
Note that there is a dierene of many orders of magnitude between the
interation J and the elds h
z
j
. If the duration of the SF-pulses is muh
shorter than 2=jJ j, the eets of J on the time evolution during these pulses
are very small. Our numerial experiments (see below) are all performed
under this ondition. We will only onsider QCs at zero temperature without
oupling to the environment. In this sense we simulate highly idealized NMR
experiments on a losed quantum system at zero temperature. This allows
us to study a onrete physial realization of a QC and at the same time
fous on its intrinsi quantum dynamis.
The time evolution of quantum model (2) is obtained by solving the
TDSE (1). The simulations have been arried out with a software tool
alled Quantum Computer Emulator (QCE) [21℄. The QCE software simu-
lates physial models of QC hardware by a Suzuki produt-formula [22,23℄,
i.e. in terms of elementary unitary operations [24,25℄. For all pratial pur-
poses, the numerial results obtained by this tehnique are exat. A detailed
desription of the QCE software tool an be found elsewhere [26℄.
3. Quantum algorithms
One qubit is a two-state quantum system. The two basis states spanning
the Hilbert spae are denoted by j "i  j0i and j #i  j1i. Rotations of
spin j about =2 around the x and y-axis are basi QC operations. We will




respetively and write Z for the inverse of the
operation Z. Clearly these operations an be implemented in terms of the
time evolution of model (2) by a proper hoie of the model parameters.
Computation neessarily requires some form of ommuniation between
the qubits. A basi two-qubit operation is provided by the CNOT gate.
The CNOT gate ips the seond spin if the rst spin is in the down state,
i.e. the rst qubit ats as a ontrol qubit for the seond one. On an ideal
QC the CNOT gate an be expressed in terms of single-qubit operations
and a two-qubit phase-shift operation. There are many dierent, logially
equivalent sequenes that implement the CNOT gate on an NMR QC. Here
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where the symbol I
0





































































where h =  J=2.








































is the identity operation and hene (CNOT )
5
= CNOT .






jsii = 1=2. To obtain a
lear-ut, zero-one answer in terms of expetation values of the qubits we




jsii = j11i. For this reason the





on an ideal QC yields the orret answer but as
we will show below, on a physial QC this is not always the ase.
It is instrutive to inquire about the ondition to rotate spin 1 about
an angle '
1
without aeting the state of spin 2. A general analytial,
quantitative analysis of this many-body problem is rather diult but we
an easily study the limiting ase in whih the interation between the spins
has neglegible impat on the time evolution of the spins during appliation of
the SF pulse. This is the ase that is relevant to the model system onsidered
here (sine J is very small) and also to experiments [912℄. For simpliity
we onsider the ase of rotating SF elds, e.g. 
x
= 0 and 
y
= =2. An SF








































). Without loss of generality we will assume
that 0 <  < 1, in onert with the hoie of parameters (3). Then, us-
ing representation (10), straightforward algebra shows that the ondition
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to rotate spin 1 about an angle '
1





















































are positive integers. The angles of rotation about the y-
axis an be hosen suh that 0  '
1
 2 and 0  '
2
 2. In general (11)
or (12) have no solution but a good approximate solution may be obtained




are large. Let  = N=M (for our
hoie of parameters, N = 1 and M = 4) where N and M are integers









will generate suiently aurate solutions of (11) and (12) if
the integer k is hosen suh that
2kNM(M  N) 1: (13)
If k satises ondition (13) a pulse that rotates spin 1 (2) will hardly aet



















































4. Simulation of Quantum Computer hardware
The model parameters for the rotating SFs are determined aording
to the theory outlined above. We use the integer k to ompute all free
parameters and the subsript s = 2kMN
2
to label the results of the QC
alulation. For referene we present the set of parameters orresponding
to k = 1 in Table I. Multiplying s (the duration of the SF pulse) with the
unit of time (2 ns) shows that in our simulations, single-qubit operations
are implemented by using short SF pulses that are, in NMR terminology,
non-seletive and hard.
3208 H. De Raedt et al.
TABLE I
Model parameters of single-qubit operations on an NMR QC using rotating SFs for
the ase (k = 1, N = 1, M = 4), see (14) and (15). Parameters of model (2) that






















, and the onstant magneti elds h
z
1




















8 1.00  0:0312500  0:0078125  =2 0
X
2
128 0.25  0:0078125  0:0039063  =2 0
Y
1
8 1.00 0.0312500 0.0156250 0 =2
Y
2












8 1.00  0:0559593  0:0139898 0 =2





respetively. The initial states j10i, j01i, j11i, and jsii = (j01i   j10i)=
p
2
have been prepared by starting from the state j00i and performing exat
rotations of the spins. It is lear that the least aurate implementation
(s = 16) of (QA)
1
niely reprodues the orret answers if the input orre-
sponds to one of the four basis states but it is also lear that it ompletely
fails if the input state is a singlet. In the regime where systemati phase
errors are signiant the QAs exhibit the QPP. This is exemplied in Ta-










logially idential, the results depend sensitively on the order in whih the
TABLE II




) as obtained on a QC that uses
rotating SFs to manipulate individual qubits. The results obtained on an ideal
QC are given by a and b. The time s = =2 = 2kMN
2
determines the duration
and strength of the SF pulses through relations (14) and (15), see Table I for the
example of the ase s = 8.


































jsii 1.00 1.00 0.03 1.00 0.88 1.00
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single-qubit operations are arried out. In agreement with the theoretial
analysis of Setion 3 the results onverge to the exat ones for suiently
large k, as indiated in Table II. Thus, for suiently slow operation this
QC will operate orretly.
TABLE III





was used to perform the quantum omputation.


































jsii 1.00 1.00 0.95 0.74 0.99 0.98
5. Conlusion
For eah realization of QC hardware, there is a one-to-one orrespon-
dene between the QA and the unitary matrix that transforms the state of
the quantum system. A QA will operate orretly under all irumstanes
if the whole unitary matrix representing the QA is a good approximation to
the ideal one. In other words, the magnitude and the phase of all matrix
elements should be lose to their ideal values. It is not suient to have
for example two dierent CNOT gates that operate orretly by themselves:





  1) real numbers that speify the unitary matrix orresponding
to a QA. All these numbers should be lose to their ideal values, otherwise
the QA is bound to produe wrong answers.
Experimental realizations of QCs have not yet demonstrated that a QC
an orretly ompute the answer for inputs other than simple basis states.
However, with the QC hardware urrently available suh a test is denitly
within reah. The two simple QAs, (8) and (9) may be used for this purpose.
Quantum error orretion shemes that work well on an ideal QC require
many extra qubits and many additional operations to detet and orret er-
rors. The systemati errors disussed in this paper are not inluded in the
urrent model of quantum error orretion and fault tolerant omputing [27℄.
On a physial QC the error-orretion qubits will suer from the same de-
ienies as those disussed in this paper. All this puts onsiderable demands
on the tehnology to fabriate qubits.
It remains a great hallenge to demonstrate that a QC of many qubits
an perform a genuine omputation in less real time than a onventional
omputer.
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